A chain of quantum subgroups of the quantum automorphism group of finite graphs has been introduced. It generalizes the construction of J. Bichon (see [3] ) in a sense. A better bound of the non zero eigenvalues of the graph Laplacian has been obtained using the chain of quantum subgroups.
Introduction
The role of compact quantum groups (CQG in short) as the symmetry object in the realm of noncommutative geometry is now well established. Study of quantum symmetry of various mathematical structures potentially has two applications. In one hand it can enrich the theory of CQG's. On the other hand, it can supply more information of the mathematical structure in question than what its classical symmetry does. Some of the interesting mathematical structures come from finite graphs. The study of quantum symmetry of finite structures including graphs was initiated by S. Wang, J. Bichon, T. Banica (see [8] , [3] , [1] ) among others. They were mainly interested in studying the quantum group theoretic aspects of such symmetries. In fact it is perhaps fair to say that until now almost all the work in quantum symmetry of graphs has found its use in understanding the theory of compact quantum groups and their representation (see also [2] , [5] ). Given this context, this article tries to use quantum symmetry to extract spectral information of finite, connected graphs.
It is well known that the graph Laplacian (normalized in the sense of [4] ) has non-negative eigenvalues. The lower bound of the positive eigenvalues provides a great deal of information about the connectivity of the graph. For a symmetric graph (classical vertex transitive), using the symmetry of the graph one can obtain lower bound of the positive eigenvalues. In this article using the quantum symmetry of a vertex transitive, finite, connected graph we improve the bound of the positive eigenvalues of the graph Laplacian. We adapt the techniques from [4] to the quantum set up to obtain our main result (Theorem 3.8).
On the quantum group theoretic front, it is known that the action of the quantum automorphism group of finite graphs in the sense of Banica is 2-transitive on the set of vertices, but it fails to be higher order transitive in general (see [5] , [2] ). This can be attributed to the fact that unlike the classical automorphism group, the quantum automorphism group (in the sense of Banica) does not act on the path spaces of any length. We introduce a chain of quantum subgroups of the quantum automorphism group in the sense of Banica containing the classical automorphism group. It generalizes the construction of Bichon (in [3] ) in a sense. The members of the chain act transitively on the path spaces of certain length. Now let us discuss the organization of the paper briefly. The paper is divided into two sections viz. the preliminary section and the main section. In the preliminary section we mainly collect some well known facts about the quantum symmetry of finite graphs as well as the eigenvalues of the Laplacian of finite graphs. In particular the classical result on the lower bound of the eigenvalues of the Laplacian of vertex transitive graph using the classical automorphism group is recalled. The main section is divided into two subsections. In one subsection, a chain of quantum subgroups containing the classical automorphism group is introduced and the question of higher order path transitivity has been considered. The last subsection is devoted to obtaining a better lower bound on the non zero eigenvalues of the graph Laplacian of vertex transitive graphs adapting the techniques of [4] to the quantum set up.
Preliminaries

Eigenvalues of the graph Laplacian
A finite graph Γ is a collection of finitely many vertices and edges. We shall denote the set of vertices by V and the set of edges by E. The vertices will be denoted by the natural numbers.
Given a finite graph Γ with n-vertices and without multiple edges, the vertex matrix is given by a 0 − 1-valued n × n matrix ǫ = ((ǫ ij )) such that the ij-th entry is 1 if there is an edge between the vertices i and j, zero otherwise. In this paper, all the graphs are without loops. For a vertex i ∈ V , degree of the vertex is given by the number of edges emitting from the vertex i and is denoted by d i . Volume of the graph is defined to be
Given a graph Γ, consider all the shortest paths between any two vertices. The diameter is defined to be the maximum of the number of edges in the shortest paths. It is denoted by D.
For any two vertices i, j, we write i ∼ j if ǫ ij = 1. If the symmetry group of a graph Γ is denoted by Aut(Γ), then a graph is said to be vertex transitive if for any two vertices i, j there is a permutation in Aut(Γ) which takes i to j. The automorphism group of the graph defines an equivalence relation on the set of edges. Two edges e i , e j are said to be equivalent if there is an element of the automorphism group which takes e i to e j . Then one can consider equivalence classes of edges denoted by E 1 , ..., E m (say). The index of a graph is defined to be
Now we recall the Laplacian (normalized in the sense of [4] ) on a finite, connected graph without loops and multiple edges. The Laplacian is an n × n martrix given by
It can be shown that the eigenvalues are non negative. The eigen values are written as 0 = λ 0 ≤ λ 1 ≤ ... ≤ λ n−1 . For a vertex transitive graph Γ with diameter D, we have the following lower bound of the first non-zero eigenvalue (see Theorem 7.7 of [4]):
Quantum automorphism group of finite graphs
Definition 2.1. (see [9] , [6] ) A compact quantum group (CQG for short) G is a pair (C(G), ∆) such that C(G) is a unital C * -algebra and ∆ :
(ii) Linear span of the sets ∆(C(G))(1 ⊗ C(G)) and ∆(C(G))(C(G) ⊗ 1) are norm dense in
Let W be a finite dimensional vector space. Given a C-linear map u : W → W ⊗ C C(G) recall the leg numbering notations u 12 and u 13 .
..,n be a basis of W . Let us write u(e i ) = n j=1 e j ⊗ q ji for q ji ∈ C(G). Then u is said to be non degenerate if the matrix ((q ij )) ∈ M n (C(G)) is invertible. Given a finite dimensional non degenerate representation u of G on a finite dimensional vector space W , we have the corresponding non degenerate γ-th tensor product representation to be denoted by u ⊗γ on the finite dimensional vector space W ⊗...⊗ γ times W . The C-linear map u ⊗γ is given on the basis elements by
Example 2.4. The quantum permutation group is the 'free' version of the classical permutation group. It is denoted by S + n . The underlying C * -algebra C(S + n ) which is infinite dimensional for n ≥ 4, is the universal C * -algebra generated by selfadjoint elements q ij 's such that
The coproduct ∆ is given on the generators by ∆(q ij ) = n k=1 q ik ⊗ q kj . The CQG coacts on the finite dimensional C * -algebra C(X) where X is a set with n-points. The corresponding coaction is given by
In fact S + n is the universal object in the category of CQG's coacting on the C * -algebra C(X) (see [8] ). The C-linear map u can also be viewed as a finite dimensional corepresentation of S + n on the n-dimensional vector space C(X). Note that χ i denotes the function which takes the value 1 on the point i and zero elsewhere. It is easy to see that {χ i } i=1,...,n is a linear basis of C(X).
Recall the definition of a finite connected graph Γ from the Subsection 2.1.
Definition 2.5. (See [1] ) For a finite graph Γ without multiple edges, the quantum automorphism group of Γ in the sense of Banica, to be denoted by Aut + (Γ), is the CQG whose underlying C * -
where χ i is the function which takes the value 1 on the vertex i and zero on the other vertices.
For the description of the C * -algebra C(Aut + (Γ)) in terms of generators and relations, see [7] . We shall use the following relation among the generators in particular in this paper:
Let us denote the set of paths of length α by E α . Then the space C(E α ) is a linear subspace of the
(i 1 , ..., i α+1 ) is a path}. We denote the basis element χ i 1 ⊗ ... ⊗ χ i α+1 by χ i 1 ...i α+1 . In fact we have the following direct sum decomposition of the vector space W = C(V ) ⊗ ... ⊗ C(V ):
is not a path}. Now as before considering u as a nondegenerate corepresentation of Aut + (Γ) on C(V ), we have the corresponding corepresentation u ⊗(α+1) .
Lemma 2.6. The corepresentation u ⊗(α+1) restricts to a nondegenerate corepresentation on
Proof. Let (i 1 , ..., i α+1 ) be a path. Then by definition of the corepresentation u ⊗(α+1) , we have
But by equation (4), for the indices (j 1 , ..., j α+1 ) such that (j 1 , ..., j α+1 ) are not paths,
Main section
A chain of quantum subgroups
Given a finite graph without any multiple edge, the classical automorphism group Aut(Γ) is a quantum subgroup of Aut + (Γ). Unlike the classical automorphism group, Aut + (Γ) does not act on the path spaces (although it has a corepresentation on the path space as observed) of the graph. We are going to introduce a CQG for a natural number k such that it coacts on the space of paths of length less than or equal to k. For k ∈ N, let C(G + k (Γ)) be the C * -algebra generated by {q ij : i, j = 1, ..., n} such that q ij 's satisfies the relations of C(Aut + (Γ)) along with the following relations:
Lemma 3.1. For a finite graph Γ without any multiple edge, (C(G + k (Γ)), ∆) is a quantum subgroup of Aut + (Γ) for all k ∈ N, where the coproduct ∆ is again given on the generators by
Proof. Clearly it suffices to show that ∆(q i 1 j 1 ...q i β j β − q i β j β ...q i 1 j 1 ) = 0 for all β ≤ (k + 1). So fix a β ≤ (k + 1).
Observe that q i β l 1 ...q i 1 l β is zero if (l β , ..., l 1 ) is not a path. Hence we get
✷ It is straightforward to observe the following inclusions:
Note that G + 1 (Γ) is the quantum automorphism group of a finite graph Γ without any multiple edge in the sense of Bichon (see [3] ). We shall denote the image of q ij ∈ Aut + (Γ) in any of the G + k (Γ)'s again by q ij .
Lemma 3.2. Fix a k ∈ N and β ≤ (k + 1). Then for q ij 's in G + k (Γ), we have the following:
where (i 1 , ..., i β ), (j 1 , ..., j β ), (l 1 , ..., l β ) are paths.
Proof. Since all the q ij 's are in C(G + k (Γ)), we get
Continuing thus and repetitively using (5), we finish the proof of the lemma. ✷
Proof. C(E γ ) is generated by self adjoint mutually orthogonal projections χ i 1 ...i γ+1 such that (i 1 , ..., i γ+1 ) is a path and (i 1 ,...,i γ+1 ) χ i 1 ...i γ+1 = 1. Recall the corepresentation u ⊗(γ+1) of G + k (being a quantum subgroup of Aut + (Γ) for all k) on C(E γ ). We shall prove that u ⊗(γ+1) is actually a C * -coaction. To that end,
We can replace the above summation over (i 1 , ..., i γ+1 ) such that (i 1 , ..., i γ+1 ) path by all tuples (i 1 , ..., i γ+1 ) since for (i 1 , ..., i γ+1 ) not a path q j 1 i 1 ...q j γ+1 i γ+1 = 0. Using this and the magic unitarity of q ij , we get (i 1 ,...,i γ+1 ) path u ⊗(γ+1) (χ i 1 ...i γ+1 ) = 1 ⊗ 1. Using (5), we get u ⊗(γ+1) (χ i 1 ...i γ+1 ) * = u ⊗(γ+1) (χ i 1 ...i γ+1 ). Using the mutual orthogonality of χ i 1 ....i γ+1 , we get
This proves in deed u ⊗(γ+1) is a well defined C * -homomorphism. Coassociativity and density condition follow from the same of the corresponding property of representation. ✷ Now we define a relation on the path space by the following: Fix a k ∈ N. Then two paths (i 1 , ..., i γ ) and (j 1 , ..., j γ ) are said to be k-equivalent and denoted
Lemma 3.4. ∼ k is an equivalence relation on the space of paths of length less than or equal to (2k + 1).
Proof. Symmetry and reflexivity are clear (see [5] ). The only non trivial part is the transitivity which we show for paths of length (2γ + 1) for γ ≤ k. To that end suppose (i 1 , ..., i 2γ+2 ) ∼ k (j 1 , ..., j 2γ+2 ) ∼ k (l 1 , ..., l 2γ+2 ).
...q j 2γ+2 l 2γ+2 )) By Lemma 3.2 and (5), the last summation reduces to
Hence
since by assumption, (i 1 , ..., i 2γ+2 ) ∼ k (j 1 , ..., j 2γ+2 ) ∼ k (l 1 , ..., l 2γ+2 ). So
proving the required transitivity. ✷
We already know that for a fixed k, G + k (Γ) acts on C(E γ ) for all γ ≤ k. Also we know that there is a ∼ k equivalence relation on E γ . This allows us to state and prove the following lemma. Proof. The proof is given along the same lines of arguments used in [5] . Let us write f as
For fixed paths (j 1 , ..., j γ+1 ) and (l 1 , ..., l γ+1 ), multiplying both sides with q j 1 l 1 ...q j γ+1 l γ+1 and using Lemma 3.2, we get
If (j 1 , ..., j γ+1 ) ∼ k (l 1 , ..., l γ+1 ), then f j 1 ...j γ+1 = f l 1 ...l γ+1 , proving the claim. ✷ For notations and proof of the following corollary the reader is referred to [2] . Corollary 3.6. For k ∈ N, fix any γ ≤ k. Then TFAE
An application: Bound on the non zero eigenvalues of the graph Laplacian
In this subsection we shall improve the bound of the first non zero eigenvalue of L of a finite, connected vertex transitive graph without multiple edges and loops. We shall adapt the techniques used in [4] to the quantum set up to improve the lower bound (1) . To that end, given a graph Γ, recall the equivalence relation ∼ k on the edge set. Let {E k i : i = 1, ..., m} be the set of ∼ k -equivalence classes of edges. We define r k to be min i |E k i |. Then r k ≥ r k+1 for all k. If we define ind k (Γ) by V r k , we immediately have
Let Γ be a finite, connected, vertex transitive graph of diameter D ≤ (2k + 1) and n number of vertices. Fix a vertex i 1 ∈ V and consider the following set S = {(i 1 , ..., i α+1 ) : (i 1 , ..., i α+1 ) is a fixed shortest path}.
Note that α is not a fixed integer, but the assumption on the diameter of the graph ensures that α ≤ (2k + 1). Now for a vertex j 1 ∈ V let us define the following set
The vertex transitivity ensures that P j 1 k is non empty for all j 1 ∈ V . Finally for an edge e, generalizing the definition of N e in [4] , we define N k e = #{(j 1 , ..., j α+1 ) ∈ P j 1 k : j 1 ∈ V, e occurs in (j 1 , ..., j α+1 )}.
Using the fact that Aut(Γ) is a quantum subgroup of G + k for all k ∈ N, it is easy to see that N k e ≥ N e for all k. Proof. Let e = (j i , j i+1 ) ∼ k (l i , l i+1 ) = f . We shall show that e occurs in some path in P j 1 k for some j 1 ∈ V if and only if f occurs in some path in P l 1 k for some l 1 ∈ V proving the proposition. To that end let (j 1 , ...j i , j i+1 , ..., j α+1 ) ∈ P j 1 k . We claim that there exists a path (l 1 , ..., l i , l i+1 , ..., l α+1 ) such that (j 1 , ...j i , j i+1 , ..., j α+1 ) ∼ k (l 1 , ...l i , l i+1 , ..., l α+1 ). Then since α ≤ (2k+1), by transitivity of ∼ k , we can conclude in deed f occurs in (l 1 , ...l i , l i+1 , ..., l α+1 ) ∈ P l 1 k . Let us prove the claim. Since (j i , j i+1 ) ∼ k (l i , l i+1 ), we have q j i l i q j i+1 l i+1 = 0 for q j i l i , q j i+1 l i+1 ∈ C(G + k (Γ)). If possible, suppose q j 1 l ′ 1 ...q j i l i q j i+1 l i+1 ...q j α+1 l ′ α+1 = 0 for all paths (l ′ 1 , ..., l i , l i+1 , ..., l ′ α+1 ). Hence (l ′ 1 ,...,l ′ α+1 ) path q j 1 l ′ 1 ...q j i l i q j i+1 l i+1 ...q j α+1 l ′ α+1 = 0.
Again we can replace the path indices by arbitrary indices as before and hence we get using the magic unitarity, q j i l i q j i+1 l i+1 = 0, a contradiction. So in deed there is a path (l ′ 1 , ..., l i , l i+1 , ..., l ′ α+1 ) with q j 1 l ′ 1 ...q j i l i q j i+1 l i+1 ...q j α+1 l ′ α+1 = 0, completing the proof of the proposition. ✷ So we can estimate N k e along the lines of the proof of the Theorem 7.7 of [4] .
Now we are ready to prove the main result of this subsection.
Theorem 3.8. Let Γ be a finite, connected vertex transitive graph without multiple edge or loops of diameter D ≤ (2k +1). Then we have the following lower bound of the first non-zero eigenvalue of Γ:
